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In the current study the researchers 

attempt to investigate the growth of 

the modulation instability and 

soliton propagation in the high- 

temperature non-collisional 

homogeneous plasma. Analytical 

relations of nonlinear Schrodinger 

equation coefficients are proposed 

for phase velocity ranges which are  

greater than or equal to light 

velocity.  

The current findings confirm those 

of the study conducted by Wahdain 

and Daraigan [2014] when the phase 

velocity ranges , 1) exceed  the 

velocity of light and not even close 

to,  and 2) are equal to the velocity 

of light [11]. 

This study has found out that the 

modulation instability  occurs at all 

values of phase velocity that are 

greater than or equal to light 

velocity, and the growth rate of the 

modulation instability reaches it is 

maximum value when the phase 

velocity ranges are sufficiently close 

to the velocity of light.  

Keywords: Nonlinear Schrodinger 

equation, Relativistic plasma , 

Instability  modulation ,  Growth 

rate. 

 

 ملخص العربي :ال

 في البحثثثثا ا ثثثثالة نم  عامثثثث   ثثثث   ثثثث      

المعثثثثث ت اا  لثثثثثاع ال ثثثثث ل     في  الامثثثثث   اع

 ال ثثثثثث   البلازمثثثثثثا الم اا  ثثثثثث  اللا  ثثثثثثا م  

ا ثثثث اعتم  انم امثثثث اباتح  لايثثثثا       ثثثثث     

لمعثثاملا  معا لثث  نجثث ا خ  اللاغط ثث    طثثة  

كافثث  مثث سا  مثث ر الطثث ع الفثث     ا فثث        

 الف    .

  ا ج ال عام  ا ال ث   ككث  الا ثا ج ال ث         

 Wahdain and]  صثثثل هل اثثثا البا  ثثثا  

Daraigan, 2014]      اثثثث  مثثثث سا  مثثثث 

فثث و ال  ثث  أكثثم مثثع مثث    ال( 1الطثث ع  

( اثثث  مثثث    الطثثث ع  2  ي سبثثث  مااثثثا اأسفثثثا  

 الم ااس  ل     الف و .

  ثثثثثثث   أاضثثثثثثثح  ال عامثثثثثثث  ا ال ثثثثثثث  أ    

المعثثث ت  ثثث جم  اثثث    ثثث  مثثث ر   الامثثث   اع

الطثث ع أكثثم مثثع أا   ثثاال مثث    الفثث و     

ي مث    المعث ت  الام   اع اسأغذ مع ت       

 ظمثث   اثث  مثث ر الطثث ع ال  سبثث  مثثع مثث      

 الف و . 

معا لثثثثثث  نجثثثثثث ا خ     الك مثثثثثثا  ال الثثثثثث   

      الامث   اع    البلازما الا ب  اللاغط  

 .المع ت  مع ت الام 
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The modulation instability of Langmuir waves is based on 

nonlinear Schrodinger equation estimated from both Vlasov 

relativistic equation and Maxwell equations [8 , 12] by which valid 

results are  produced at different temperature levels ( high and low ) . 

It has been studied by many researchers (such as Wahdain and 

Daraigan,2014 ; Kotov et al. 1984 ; Pataraya and Melikidze, 1980 ; 

Timofeev, 2013 ; Krafft and Volokitin, 2010 ; Hakimi Pajouh et 

al.,2004, among others)  .  

These studies are limited at the calculation of the effect of 

nonlinear interaction to the grow of modulation instability , and the 

soliton propagation due to the difficulty of finding the coefficients 

integration mentioned in nonlinear Schrodinger equation to compute 

approximate solutions. The grow of modulation instability is also 

studied  by [3 , 4 , 8] at high wave length . Furthermore, nonlinear 

Schrodinger equation for light waves has  been studied by [5 , 8 , 9 , 

11] at phase velocity equal to the velocity of light.  Others studied it at 

the phase velocity which is greater than velocity of light and not even 

close to it , [11] .   

However, there is no analytical formula for nonlinear Schrodinger 

equation coefficients which includes the phase velocity between 

)/( ck  and )/( ck  . Hence,  the main objective of this research 

is to estimate analytical relation for nonlinear Schrodinger equation 

coefficients. This would help to follow the growth on the modulation 

instability and soliton propagation in the non-collisional  

homogeneous plasma at high temperature for the range phase velocity 

)/( ck   , whose linear Landau damping is small value 

exponentially or not existing . 

To solve the problem,  the relativistic Vlasov equation and 

Maxwell equations  are used. The equations are written down in the 

dynamical frame of reference where the coordinate    and    are 
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connected with the coordinate   and the time   of the laboratory frame 

of reference using Lorentz's relation as follows: 

    (   g 
 )                 (  

 g 

  
 )                                          

where    (  
 

g
 

 

  
)

 
 

 

 , and  g 
is the group velocity of the high 

frequency linear waves in the laboratory frame of reference . 

All the values of the equations are presented by the formula  

   
       ∑   

 

   
    

  
                                        

Where  
    is the unperturbed meaning of the function F.     and    

are the wave vector and the frequency of the linear waves in the 

dynamical frame of reference ,   √   ,     is the small parameter 

and  

                                                                                  

In the laboratory frame of reference the unperturbed distribution 

function of the particles is taken as the relativistic Maxwell function . 

The  mathematical transformation used in [2; 8; 12] are adopted to 

obtain the equation for the first harmonic of intensity of electric field 

in the form:  

 
  

  
  
   

   
  | |   

 

 
  ∫

|     | 

    
            

  

  

 

where      denotes the Cauchy principle value , the term which 

included the parameter     depending on the nonlinear Landau 

damping . 

        The nonlinear Schrodinger equation coefficients take the 

fallowing formulas :  

  
 

 
*  
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where                                       are the wave vector and 

the frequency of the Langmuir waves . 
),(  

 is the 

longitudinal dielectric constant of non-collisional homogenous plasma 

;      ⃗   is the unperturbed meaning of relativistic Maxwell 

distribution  function ;     √       
     the total energy of 

particle a   its momentum ;    : the rest mass. 

   
  

   
                           

    
    

    

A solution  of  the nonlinear Schrodinger equation (1) is unstable if 

the Lighthill's condition       , so the small deviations condition 

lead for  strengthening the pulses and wave packet pressure. 

The maximum value of the growth rate of the modulation instability 

for the perturbation in the identical direction with the direction of 

nonlinear wave propagation take the following formula: 

γ
   
              

and the wave number for the perturbation is equal: 
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If the Lighthill's condition was satisfied and | | | |, strengthening 

of the pulses occurs and an increase in pressure on the packet wave, so 

the nonlinear Schrodinger equation (4) can be solved in the form of 

Soliton [8, 11] : 

       
       [       

         ]   { [
 

  
(  

  

 
)

    
  ]}          

Where: w is the optional constant. In this case    g 
  

Taking the integration of the function ε                          

                by angles in spherical coordinates of space 

momentum , so that the oz-axis is identical with the direction wave 

vector k
r

. Then, taking the integration by parts, and in light of  the 

distribution function which describes the plasma equilibrium (the 

relativistic Maxwell distribution function) (see[11]), we are able to 

express these values by the following functions [10]: 

 )14)....(,(),(;
1)1(

)exp(
2),( )0()(0

1 0

2

0)0( xGxG
u

du

ux

u
xxG

n

n
n 















 



where: 

Tcm
mc

p
uu

mc

p
uckzzzx /;;1;/;),( 22

2

0
0  

       The above-mentioned functions (14) are used in the linear theory 

of plasma [10]. Yet, these functions will be applied to the non-linear 

theory of plasma to find out analytical relations for Schrodinger 

equation coefficients which include values of phase velocity that are 

greater than or equal to light velocity.    

In order to complete the calculations, we should find the integration 

in (5) so that we get the waves of light )1(  zx : 

)(2)1,( 0

)0(  KzG 
 

where: 
)(0 K

 MacDonald zero order function [1] . 
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     While taking the integration of non-light waves )1( x  requires 

special treatment as it is difficult to calculate it in a general form, for 

that we express the function 
),()0( xG 

 in the following form:                         

  )15.........(....................)exp()exp(),()0(    FFxxG   

where: 

2/120

1

1

00 )1(;)))((exp( 
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u

du
uuF 

 

     After taking derivative of a function 
F   by a variable  , an 

integration by the variable 0u
 then 

),()0( zG 
and 
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 The exactly form of the function 
)()( Kn

can be found in equation 

(17). 

After that we will take the integration in equations (18), the values of  
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take the following forms: 
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At high temperature (
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mc


) , the functions become as: 

),()( zGn 
and 

),()( zGn 
 can be neglected because it has  very 

small and limited values.  The following duo evaluations of these 

functions have been obtained by taking the integration by parts of the 

equation (19): 
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     It should be taken into account that the value in the downomnater 

of the relativistic Maxwell distribution function [11] at high 

temperatures will be as follows: 
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  )29..(........................................;4/)1()(2 21
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K  

Based on equations (19) and (29) and duo evaluation of the functions 

),()( zGn 
 and 

),()( zGn 
 the relations of the values 

)(),,,(),,(),,,(),,( zCzkNkMzkLk 
 of  relativistic 

plasma at high temperatures 
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 can be written as follows:  
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   plasma frequency , e: is the 

electron charge and n: is the plasma density m: is mass of particle and 

the parameters 






 ,,,,,,,,, eywtrplhd
&&  are algebraic functions in 

z
and

z
. The functions 

),()(

)0( zG n 
 and 

),()(

)0( zG n 
 are defined   

in equations (20)- (27). 
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     In the two limiting cases, the forms (30)-)34)  become as: 

The phase velocities are greater than velocity of light and not even 

very close to it :  

     All the functions included in the defined values ),( k , 

),,( zkL  , ),( kM  , ),,( zkN   and )( zC   are related with the 

parameters )(  or )( . In this limiting case , 1  and 1

.,  and by using the following relations [1]:  
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    the following form has been calculated according to the evaluation 

of the equation (28), and  (30) – (34): 
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   ion plasma frequency ,       Debye radius ;        ion 

sound velocity . 

It is the same values that have been obtained by Wahdain and 

Daraigan, 2014 [11] 

The phase velocities are equal to the velocity of light (
1

kc
z



) :  

In this case first we can find the approach solutions of the  values 

),( k , ),,( zkL  , ),( kM  , ),,( zkN   and )( zC  of the 

variable 
 1

 according to the equations (30) -(34) , and then we 

can  

put 1z   and substitute in the relations (5) - (8) which obtain the 

following coefficients:: 
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The above-calculated coefficients correspond to the coefficients 

nonlinear Schrodinger equation obtained by Wahdain and Daraigan, 

2014 [11]. 

In this study, we have found the analytical formula of the 

coefficients of nonlinear Schrodinger equation covers all ranges of 

phase velocity which are  greater than or equal to light velocity 

)/( ck 
. With the help of these, we can trace the growth of the 

modulation instability and soliton propagation in the non-collisional 

homogeneous plasma at  high temperature. 

     The derived relations (30) - (34) are suitable for numerical 

calculations because they contain known simple and special functions. 

     It is clear that the relations which  have been obtained from (30) -

(34) in both limiting cases 
)1( 

and 
)1( z

 tend  to match with 

the obtained results in [11]. 

      We have traced the numerical values 
q

 and s  for the ratios of 

the variable 
)(

which are shown in Figures (1) and (2) , where we 

have inferred that the modulation instability occurs at all ranges of 

phase velocity which are greater than or equal to light velocity 

)/( ck 
.  
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Fig. (1): Relationship between and 

, electron-ion plasma.  

Fig. (2): Relationship between and 

, electron-ion plasma,.  
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We also arrived to the conclusion that the modulation instability 

takes a maximum value of the growth rate at phase velocity when it is 

close to the velocity of light. Meanwhile, the modulation instability 

growth rate of the long-wave is decreased when the temperature 

increases, and vice-versa  in regard with  short waves.  
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