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Generating Functions For Quadruple
Hypergeometric Functions

Abstract :

The aim of this paper is to
derive some of Generating
Functions for the quadruple
Hypergeometric functions
( KS' KlO’ Kl3’ KlG and K18 )

The results are derived with
the help of Laplace integral. A
number  of Generating
Functions of such other types
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of hypergeometric functions
are also derived as special
cases of our main results.

Key  words: Quadruple
hypergeometric functions,
generatingfunctions, Laplace
integral,hypergeometric
functions
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1. Introduction:

The following are the definitions and the Laplace integral
representations of the quadruple hypergeometric functions
K, (i=3,10,13,16 and 18 ) [1;p,78-83] :

K,(a,aaa;b,b,b,,b;c,c,,c,, ¢ X,y z,t)

i (a) p+Q+r+s (bl) p+q (bz)r+s Xp yq Zr ts (11)

,r,5=0 (Cl) p+s (Cz)q+r p'q'r'S'

P,

.Q

j Ie’”’“ uP v (a;cp,C, XU+ tv, yu + zv) dudv | @)
00

F(bl)F(b )
K, (a,a,a,a;b,b,c,c,;d,,d,,d;,d,; X, y,2,t)

o (a)m+n+ p+q (b)m+n( )p(cz)q men 7P td
> G

= 1.3
s (@) (), (dy), mintpigt )

1 7o a . . o - o -
:@ie Ut W, (b;d,, d,; xu, yu),F, (c.;dy; zu),F, (c,; d,;tu)du (1.4)

K;;(a,a,a,a;b,b,,b;,b,;c,c,d,,d,; %, y,2,t)
i (a)m+n+ p+q (bl)m(bz)n (b3)p(b4)q men Zp tq

T (©pa(d),(d,), mintplg! e
B F(l ) J'eiuuaflq)z(bh b,; ¢; xu, yu), Fy(b;; d;; zu) ,F (b, d,;tu)du (1.6)
a 0

Kis ( al,az,a3,a4;b;x,y,z,t)

i ( m+n (az)m+p (aS)n+q (a4)p+q X y Zp tq

1.7
m,n,p,q=0 (b)m+n+p+q m'n'pql (.7

eV u®?t v&ld, (a,a, ;b xu+yv,zu +tv)dudv
T, )r(a)H (a8, W )

oudddy dlag
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.(18) Kz (a,,a,,a,,b,,by;C;%,y,2,t)

S ( m+n(a2)m+q (aS)n+p (b) (b) X" y Zptq
Z (C)minsprqg MIntplg!

r(ai)r<b1)r(b) J ettt

®,(a,,a,;C;xu+tw, yu+zv)dudvdw . (1.10)

(1.9)

O =8

2. Generating functions

In this section we have established the following
Generating relations :

Z (), (b,), W"
o (d),n! "
(a,a,a,a;b +n,b+n,b,+n,b,+n;c,c,,c,, ¢;X,X,2,2)
- E® {_:: a’%(cl"'cz):%((ﬁ"'cz -1 ;b2;b1:_;_;_;4x,42,w} (2.1)
- ¢,C,,c +¢c, -1 ;= —i——=d;

z(a) J(a+na+na+na+n;b,b,b,,b,;c,c,.C,C X X,Y,Y)

_ F(3)|: 1 3(C+¢,)3(c +c,—1) = —byh, - Ax 4y, W:| @.2)
- ¢,C,,Cc +c¢c, -1 — ===

z (az) (as) w" 16(ai,a2+n,a3+n,bl—ajiblixyy’z’t)

P e R R Sl e
===yt F {— ::bl;—;—:—;—;—;1—z'1—t'(1—z)(1—t)}'(2'3)

zo - )(b(?e)nlw 16( a,,a,+Nn,a;+n,b —a; bl;x,y,z,t)
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ey bp. W X=zZ Y-t oy
{ 1-2)"@1-t) HA{aa,az’awbz’bl”(1_2)(1—t)'1—z'l—tﬂ &4

Z; (fii)(b(:’;l LW Ke(a,a+n,a+n,a,;b+n;xy,x,Y)

=H.[a,a+a;,a,;b ; x,y,w], (2.5)

Z(b)(b) w'

Ke(a +n,a,,c —a,,b+n,b,+n;c;x,x,2,t)

Sy b @) T a,;b;b,——— -z W
=(1-x"A-7)F {_ . '—1—'—'—'t’l—z’(l—x)(l—z)](z'G)

. 1;_! 1 1 ’

b,), w"
Z(bl)(c())nl 18(a1+n,a2,cl_a2,bl+n1b2+n;C1;X,X,Z,t)
n=0 2

1w\ AuM_ 7\ . w
=(1-x)"*(1-2) HA{bl,bz,az,cz,cl,(l x)(l—) } (2.7)

Z (bl)(c(*; )nIW Ki(a+n,a,,c —a,+n,b +n,b,+n;c+n;x,x,z,t)
n=0 1

—(1_yYa(1_7\"t . . VA w
_(1-X)*(-2)" H, {bz,az,bl,cl ,t,z_l,(l_x)(l_z)](z.s)

D1
—
QD

—

=1
—
(=)
~—

=1
=]

d Klo(a+n,a+n,a+n,a+n;bl,bl,cl,cz;bl,bl,ZCl,Zcz;x,y,22,2t)

2

_ 1 1 . xy 22t
=A?®OH®lab:b,c+=,c +=,C; , , — (2.9
4 0.6, 2'72 7T T N AN AN A ( )

i (al2),((a+1)/2),w"
10 (d),n!
K,(a+2n,a+2n,a+2na+2n;b,b,,c,c,;b b ,2¢c ,2¢,;x,y,22,2t)
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_ 1 1 1 4xy 7 t* w
=APFY aar ‘b,c,+=,C,+=,d; —, —,—,— |, (2.10
{22b“222 A2A2A2A2()
Z (“C K,(a+na+na+na+n;b,b,c,c,;20,2b,2c,2c,;2%,2y,22,2t)
n=0 n '
L 1 X A
=A (3)H§4){a,b;bl+§,cl+ C+§C (4A¥) NI }(2 11)
and
i (al2),((@+1)/2),w"
pury (d),n!
K,,(a+2n,a+2n,a+2n,a+2n;b,,b,c,,c,; 20, ,2b,,2¢,,2¢,;2x,2y,22,2t)
_ 1 1 1. (x=y)? 2 t* w
Nl =l K e d L XV
|:2 2 bl 2 1 2 AZ A2 A2 AZ ( )

where F® is the General Triple Hypergeometric Series [3;
p.44],H,and H_ are the Srivastava's triple series [3;p.43] , F{¥ is
the Lauricella's Function of four variables [3;p.33] ,®H®is the
Generalized Horn's Function [1;p,97] and A=(1-x—y—z—1).

3. Results Required

The following results will be required in our present investigations
(cf[2]and [3] ):

¥, [ase,cix,x] = 3':3{3,0%0.,C+§_1;C,C',c+c'—l; 4x}(3.1)
p:0;0} (@): —;—; (@);
F q:O;O{(bq): . ;X, y} :PF“{(bq);XWL y}(3.2)

¥, [asa,asx,y]=e*? R[- ; aiy](3.3)
@, [a,b-a;b;x,y]=¢',Fla;b;x-y] (3.4)

oudddy dlag
AYAD 3y (4) alaall (¥) a2zl 63 el potal
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F 2 ;X —eg F —'a+1'x—2_
Yloa T T T Y T 2716 |(89)

I'@)

e*'u*t du = 5 (3.6)

e"u** ,F (-:;d;; xu?),F (=;d,; yu®)du

|
I

I'(a a a+l 4x 4
( )F{E’Tidl,dz;s—z,s—ﬂ(&?)
(Apn=2"(%4) EA+1), , n=0,1,2,-----
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(3.8)

where the Functions /F, is the Generalized Hypergeometric

p-q

Function, F, is Appell's Function , @, and¥, are the confluent

Hypergeometric Function of two variables and F %X
Fériet Function of two variables (c.f.[4]) .

4, Proof of the results :

To prove (2.1), we proceed as follows :

the Kampé de

Let us denote the left hand side of (2.1) by I and using (1.2) , we get

(), (b,), w"
nzc; (d),n!

(b + n)F(b +n) ! -([

Now, using (3.1) and (3.2) ,we get
& (b)), W
£ (d), T (b, +n)T(b, +n)n!

J'Ie Ubl+n -1 b2+n—1
00

3:0;0|a,i(c,+¢c,) ,3(c,+¢c,-1): —;—
3:0;0 c,C,,Cc+¢C,—1 L=

_ Y0 pabiy (8) alaall (¥) sasll 64

et U™t VY (a; ¢y, XU+ 2v, XU + zv) dudv

f4xu,4yv}dudv
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Expressing the Kampé de Fériet function as double series and

using (3.6), we have

I :i (bl)n(bz)nwn

o (d), (b, +mI'(b, +n)n!

r=0 s=

| _E® {—::a,%(cl+c2),%(01+c2
- c,C,,Cc+¢c,—1

similarly.

To prove (2.9), we proceed as follows :
Let us denote the left hand side of (2.9) by I, using (1.4) ,(3.3) and

(3.5), we get

(a)n(0), W"
Z 5 (c),n'T'(a+n)

J'ef(l—x—y—z—t)u T -1 F ( bl Xyu ) F ( C + =

Now, expressing the first ,F, into power series and using (3.7),we get

n,m=0

i ;io (a)r+s (% (Cl + CZ)) r+s (% (Cl + C2 _1))r+s (4)()r (4Z)Sr(bl +Nn+ r)r(bz +n+ S)

r'st(c),..(c,),.. (¢, +¢,-1), ..

-1 ;b,; b i—;—;—

1.
2

—;d;
This completes the proof of (2.1),the proofs of (2.2)-(2.8) are

’4x,4z,w}

z?
'16

(@),(), w'(xy)"T'(a+n+2m)

(€), (b)) ,N'mI T (a+ n) A> "2

= {a+n+2m a+n+2m+1
4
2

2

C+—

1
2

,C, +

1.2 ¢

2 AT A
Expressing Appell's Function F, as double series and using
(3.8),we will gettheright hand side of (2.9),which complete the

proof of (2.9). The proofs of (2.10) - (2.12) are similarly.

_ Y0 pabiy (8) alaall (¥) sasll
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5. Particular Cases:

In this section ,we shall mention some interesting generating
relationsas particular cases of our main results.
In (2.1), if we put a=c, =c, , then we get

Z (b)w K;(a,aaa;b+n,b+nb,+nb,+n;a,a,a,a;x,x,2,2)

o (d)n
= HA(bz,bl,a—%;d, 2a-1;w ,4x, 4zj ,(5.1)

On taking t=0in (2.3), (2.4) , (2.7) and (2.8) respectively ,we get
the following results :

iWFT(bl—ai,aiai;a2+n,a3+n,a2+n;b1,b1,b1;z,y,x)
_(1_ % g6 —Lq 8,8, —;—;— X—1Z w 59
A-zy=F {— ::bl;—;—:—;—;—;1—z’y’(1—z)}’ ©.2)
iwﬁ(bl_amaiai;a2+n’aa+n7a2+n;b1’b1’b1;Zny’x)
o (b),n!
L X-z

=(1-2)" HA|: a;,3,,4,, bZ’bl ) 1 }v (5.3)
Z(bl) 0 (D), W F.(a,,c,—a,,c,—a,,8 +n,b +n,a +n;c,C,C; X,Z,X)
n=0 (C) nl

= — -8 (1 _ 7)b . . —7 w
=(1-x)"0A-2) Fz|:bl,az,b2,C1,C2,1_2,(1_)()(1_2)} (5.4)
and
EMFT(blm,aﬁn,aﬁn,cl—az+n,a2,c1—a2+n;cl+n,c1+n,cl+n;z,x,x)

n=0 (Cl)n n!

oudddy dlag
AYAD 3y (4) alaall (¥) a2zl 66 el potal
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—1-x)*1-2)" R {bl,az,bz ;Cl;zz—l'(l—x\),\(ll—z) }(5.5)

respectively , where F, andF, are Appell's Functions [4;p.53] and
F; is Saran's Function[4;p. 67] .

In (2.6), if weput b=cand x=y :%v , then we get

i (a),w
n=0

_ K- Fc(s)B a+l by,c,+ 1 ;V_ z _}(5.6)
In (2 7) if weput b=c,then we get

L 1 1 1 (x-y)* z* t?
=K F‘3)Ea+ C+=—2r  — | (5.7

C |:2 bl 2 2 2 K2 ( )

where F® the Lauricella's Function of three variables [4; p.60] and

K=1-x-y—-z—-t—w).

Km(a+n,a+n,a+n,a+n;b1,b1,cl,cz;bl,bl,ZCl,Zcz;%v,%v,Zz,th

Ki(a+na+na+na+n;b,b,c,c,2b .2 2c,2¢,;2x,2y,22,2t)

oudddy dlag
AYAD 3y (4) alaall (¥) a2zl 67 el potal
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